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OPERATORS GENERATED BY WAVELETS AND THEIR
BOUNDEDNESS FROM HppRnq INTO LppRnq
ROCI´O DI´AZ, IVA´N MEDRI, PABLO ROCHA
Abstract. We consider the following operator generated by wavelets
Tµfpxq “
ÿ
pl,j,kqPΛ
ωlj,kxµj ˚ f, ψ
l
j,kyφ
l
j,kpxq,
where Λ “ tpl, j, kq : l “ 1, ...,2n ´ 1, j P Z, k P Znu, tωl
j,k
u P ℓ2pΛq, the µj ’s
are measures defined by xµjpξq “ pµp2jξq where µ is certain Borel measure on
Rn and tψl
j,k
upl,j,kqPΛ, tφ
l
j,k
upl,j,kqPΛ are orthonormal bases of L
2pRnq. In
this work we obtain the HppRnq´LppRnq boundedness of the operator Tµ for
certain Borel measures µ.
1. Introduction
The first mention of the name ”wavelets” seems to be in 1909, in the Alfred
Haar’s thesis. The concept of wavelets in its present theoretical form was first
proposed in mid 80’s by Jean Morlet and Alex Grossmann. Since then, the subject
has received considerable attention (see [4], [6], [7], [9], [14], and the references
therein). Besides the intrinsic mathematical interest, the wavelets theory is also
relevant by their many applications in physics, computer science, and engineering.
An interesting historical point of view of this topic can be found in [5].
The purpose of this work is to study the behavior of certain operators generated
by wavelets on the classical Hardy spaces HppRnq. More precisely, given a Borel
measure µ on Rn (n ě 1) we define formally the operator Tµ by
(1) Tµfpxq “
ÿ
pl,j,kqPΛ
ωlj,kxµj ˚ f, ψlj,kyφlj,kpxq,
where xf, gy “ ş f ¨ g, the index set Λ is defined by
Λ “ tpl, j, kq : l “ 1, ..., 2n ´ 1, j P Z, k P Znu,
tωlj,kupl,j,kqPΛ is a sequence of complex numbers in ℓ2pΛq, the measures µj are defined
for each j P Z by xµjpξq “ pµp2jξq, where µ is certain Borel measure on Rn, and the
functions
ψlj,kpxq :“ 2´nj{2ψlp2´jx´ kq, φlj,kpxq :“ 2´nj{2φlp2´jx´ kq,
1 ď l ď 2n ´ 1, k P Zn, j P Z, form two orthonormal bases of L2pRnq. If we take
µ “ δ, the Dirac measure at the origin on R, ω1j,k “ ˘1 and φ “ ψ in (1), we
recover the operator studied in [4] (see p. 296) which results bounded on LppRq,
1 ă p ă `8. From this follows that tψj,k : j, k P Zu is an unconditional basis for
all the Lp-spaces, 1 ă p ă `8 (see Theorem 9.1.6 p. 298 in [4]). In [2], M. Bownik
extends the above result for n ě 1 and he also prove that the operator Tδ is bounded
on the anisotropic Hardy spaces HpApRnq, suchs spaces are a generalization of the
classical Hardy spaces Hp. These results are achieved showing that the operator Tδ
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admits a Caldero´n-Zygmund representation under certain additional assumptions
on the wavelets functions ψ and φ.
We recall that each positive Borel measure µ that is finite on compact subsets can
be decomposed in a unique way as the sum of three measures µ “ µL`µD`µS that
are mutually singular. The measure µL is an absolutely continuous measure with
respect to the Lebesgue measure, that is dµL “ gpxqdx, where g P L1pRnq and dx
denotes the Lebesgue measure on Rn. The measure µD is a discrete measure, that is
µD “
`8ÿ
i“1
cidδxi such that
ÿ
ti :xiPKu
|ci| ă 8 for each K Ă Rn compact subset (where
δxi is the Dirac measure at xi P Rn). The measure µS is a singular continuous
measure, this means that it is concentrated on a zero Lebesgue measure subset and
each point has null measure µS .
In this work we prove that the operator defined by (1) can be extended to a
bounded operator from HppRnq into LppRnq, for n
N`n ă p ă `8 (N P N) and all
Borel measure dµ on Rn of the form:
(2) dµ “
$’’’’’’&’’’’’%
gpxqdx `
`8ÿ
i“1
cidδxi , if n “ 1
gpxqdx`
`8ÿ
i“1
cidδxi ` dλ, if n ě 2
,
where, for some ǫ ą 0, p1 ` |x|q2n`2N`2ǫ|gpxq| ď C ă `8 for all x P Rn, the
sequences tciu Ă R and txiu Ă Rn are such that
`8ÿ
i“1
|ci|p1` |xi|q2n`2N`2ǫ ă 8, and
λ is the singular Borel measure on Rn (n ě 2) defined by
(3) λpEq “
ż
Rm
χ
Epy, 0qhpyqdy
where 1 ď m ă n, E is a Borel subset of Rn and p1 ` |y|q2n`2N`2ǫ|hpyq| ď C for
all y P Rm.
If Uλ is the convolution operator with the singular Borel measure λ, i.e.:
Uλfpx, tq “ pλ ˚ fqpx, tq “
ż
Rm
fpx´ y, tqhpyqdy, px, tq P Rm ˆ Rn´m
then }Uλf}p ď }h}L1pRmq}f}p for all Borel function f in LppRnq, 1 ď p ď `8; so
the operator Uλ can be to extended to a bounded operator on L
ppRnq. Moreover,
this operator can be extended to an H1pRnq´L1pRnq bounded operator. As far as
the authors know, it is unknown in the literature the Hp ´ Lp boundedness of Uλ,
for 0 ă p ă 1. In this article we give an alternative result to this problem. More
precisely, we prove that the operator Tλ, the ”wavelet version” of the operator Uλ,
results bounded from HppRnq into LppRnq for n
N`n ă p ď 1.
Section 2 is meant to give a motivation of the problem that is the subject of our
study. In Section 3 we state the good definition of the operator Tµ and give two
known results about the wavelets theory. We also recall the definition and atomic
decomposition of the Hardy spaces. In Section 4 we state some auxiliary lemmas
and propositions to get the main results proved in Section 5.
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Notation: We use the following convention for the Fourier transform in Rnpfpξq “ ş fpxqe´ix¨ξ dx. We denote by Bpx0, rq the ball centered at x0 P Rn of radius
r. For a measurable subset E Ă Rn we denote |E| and χE the Lebesgue measure
of E and the characteristic function of E respectively. Given a real number s ě 0,
we write tsu for the integer part of s. As usual we denote with SpRnq the space
of all rapidly decreasing functions on Rn, called Schwartz functions; with S 1pRnq
the dual space. If α is the multi-index α “ pα1, ..., αnq, then |α| “ α1 ` ... ` αn,
xα “ xα11 ¨ ¨ ¨ xαnn and Bα “
B|α|
Bxα11 ¨ ¨ ¨ Bxαnn
.
Throughout this paper, C will denote a positive constant, not necessarily the
same at each occurrence.
2. Motivation
In this section we give some motivation of considering the operator given in (1).
For each x P Rn, let τx denote the translation operator that maps a function f on
Rn to the function pτxfqpyq :“ fpy ´ xq. Let qfpxq :“ fp´xq denote the reflection
operator. Let SpRnq be the space of Schwartz functions and S 1pRnq the space of
temperated distributions. It is well known (as an application of the Schwartz kernel
theorem) that every linear continuous operator T : SpRnq Ñ S 1pRnq invariant by
translations (i.e. T pτxfq “ τxpTfq @x P Rn,@f P SpRnq is of convolution type.
That is, there exists a unique distribution ΦT P S 1pRnq such that Tf “ ΦT ˚ f for
all f P SpRnq. We will restrict ourselves to the case where ΦT is a Borel measure
ΦT “ µ.
Apart from that, it is well known that if µ is a Borel measure and V is a Banach
space of functions on Rn such that
i. V is invariant under translations and reflection, i.e., if f P V , then τxf P V
and qf P V ,
ii. ||f ||V “ ||τxf ||V “ || qf ||V for all f P V and x P Rn,
iii. the translation is a continuous representations on V , i.e., for each f P V
the map xÑ τxf from Rn to V is continuous,
then the Bochner integral ż
Rn
τy qfdµpyq “ µ ˚ f
is well defined for each f P V and it holds that
||µ ˚ f ||V ď ||µ||1||f ||V
(where || ¨ ||1 denotes the total variation of the measure µ). The Lebesgue spaces
LppRnq, with 1 ď p ă 8, the Hardy space H1pRnq are examples of such space V .
Then it follows that, for V “ LppRnq, 1 ď p ă 8, or V “ H1pRnq, the operator
T :V Ñ V
Tf :“ µ ˚ f,(4)
is well defined and is continuous with ||T || ď ||µ||1.
Let tψj,kupj,kqPΛ a Hilbert basis for L2pRnq. We will be interested on the case
where it is a wavelet basis with mother wavelet ψ. There are two important oper-
ators associated with tψj,ku, the analysis operator
L2pRnq ÝÑ ℓ2pΛq
f ÞÑ pxf, ψj,kyqj,k
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and the synthesis operator
ℓ2pΛq ÝÑ L2pRnq
pcj,kq ÞÑ
ÿ
j,k
cj,k ψj,k.
Since tψj,ku is an orthonormal basis, we can represent the operator T given in (4),
for V “ L2pRnq, as the operator from L2pRnq to L2pRnq given by
(5) Tf “
ÿ
j,k
xµ ˚ f, ψj,kyψj,k.
The passage to a multi-valued version of an anlytic object is a useful device that
arises in many situations. So, it is natural to replace in (5) the map f Ñ µ˚f by its
multi-valued version f Ñ tωj,kpµj ˚ fqu, where ωj,k P C and xµjpξq “ pµp2jξq, arising
in this way (at least formally) the operator Tµ given in (1). Thus, our operator is
the composition between the synthesis operator associated to tφj,ku, the analysis
operator associated to tψj,ku and the multi-valued version of the operator T defined
in (4).
3. Preliminaries
We start recalling some fact about multiple series. A multiple series is a series
of the form
(6)
ÿ
kPZn
ak,
where ak P C for each k P Zn. There are many different ways to define the sum of
a multiple series by mean of partial sums. In the literature the following two are
the most common (see e.g. [1], [8], [11] and [13]):
The Nth-quadratic partial sum of the series in (6) is defined by
SN “
ÿ
|k|8ďN
ak,
where k “ pk1, ..., knq P Zn and |k|8 “ maxt|ki| : i “ 1, ..., nu. If lim
NÑ8
SN exists we
say that the series in (6) is quadratically convergent.
The Nth-circular partial sum of the series in (6) is defined byrSN “ ÿ
|k|ďN
ak,
where k “ pk1, ..., knq P Zn and |k| “ pk21`¨¨¨`k2nq1{2. The series in (6) is circularly
convergent if lim
NÑ8
rSN exists.
In general, the circular convergence and the quadratic convergence are not equiv-
alent (see [1], pp. 7-8). However, if a series is absolutely convergent in the sense
circular or quadratic, then both convergence are equivalent and their sums coin-
cide. Since our results only involve absolutely convergent series we can use one or
another definition as it suits.
Lemma 1. If ǫ ą 0, then the multiple series
(7)
ÿ
kPZnzt0u
1
|k|n`ǫ
converges.
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Proof. Let SN be the Nth-quadratic partial sum of the series in (7). A computation
gives
SN “
ÿ
0ă|k|8ďN
1
|k|n`ǫ “ 2
n
Nÿ
kn“0
¨ ¨ ¨
Nÿ
k2“0
Nÿ
k1“1
1
pk21 ` ...` k2nq
n`ǫ
2
,
since
|k1| ` |k2| ` ...` |kn| ď npk21 ` ...` k2nq1{2,
by Multinomial Theorem results
p|k1| ` |k2| ` ...` |kn|qn`ǫ ě maxt1, |k1|1` ǫn u ¨ ¨ ¨maxt1, |kn|1` ǫn u, @k P Znzt0u.
So, ÿ
0ă|k|8ďN
1
|k|n`ǫ ď 2
n
Nÿ
kn“0
¨ ¨ ¨
Nÿ
k2“0
Nÿ
k1“1
n
maxt1, |k1|1` ǫn u ¨ ¨ ¨maxt1, |kn|1` ǫn u
ď 2nn
˜
1`
Nÿ
s“1
1
s1`
ǫ
n
¸n
, @l ě 2.
Finally, letting N tend to infinity, we obtainÿ
kPZnzt0u
1
|k|n`ǫ :“ limNÑ8SN ď 2
nn
˜
1`
8ÿ
s“1
1
s1`
ǫ
n
¸n
ă 8.

Lemma 2. Let ǫ be a positive constant. Then the multiple seriesÿ
kPZn
1
p1` |x´ k|qn`ǫ ď C
for some positive constant C independent of x P Rn. Moreover, such a series
converges uniformly on compact subsets of Rn.
Proof. Given x P Rn, there exists a cube Q with vertices in Zn such that x P Q.
Thus, there exists k0 “ k0pxq P Zn such that
?
n` |x´ k| ě |k´ k0| for all k P Zn.
So, ÿ
kPZn
1
p1` |x´ k|qn`ǫ ď 1`
ÿ
k‰k0
n
n`ǫ
2
|k ´ k0|n`ǫ “ 1`
ÿ
k‰0
n
n`ǫ
2
|k|n`ǫ ,
by Lemma 1 the last series converges. So, it is enough to take C “ 1`řk‰0 nn`ǫ2|k|n`ǫ .
Finally, since p1 ` |x|qp1 ` |x ´ k|q ě 1 ` |k| for any x P Rn and k P Zn, then it
follows the uniform convergence of the series on compact subsets. 
The following result establish the good definition of the operator Tµ on L
2pRnq.
Proposition 3. If µ is a measure as in p2q, then the operator Tµ given by p1q is
well defined on the space of all Borel functions in L2. Moreover, Tµ can be extended
to a bounded operator on L2pRnq.
Proof. For each j P Z, we define the measures µj by xµjpξq “ pµp2jξq, where µ
is a measure as in (2). To prove the good definition of the operator Tµ, by the
Riesz-Fischer property, it is enough to show thatÿ
pl,j,kqPΛ
››ωlj,kxµj ˚ f, ψlj,kyφlj,k››22 ă `8.
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We study each case separately. Since tψlj,kupl,j,kqPΛ and tφlj,kupl,j,kqPΛ are orthonor-
mal bases of L2 we have thatÿ
pl,j,kqPΛ
››ωlj,kxµj ˚ f, ψlj,kyφlj,k››22 “ ÿ
pl,j,kqPΛ
|ωlj,k|2
ˇˇxµj ˚ f, ψlj,kyˇˇ2 .
If µ “ gpxqdx, thenxµjpξq “ pgp2jξq. From Cauchy-Schwarz inequality and Plancherel’s
Theorem and since g P L1pRnq we haveÿ
pl,j,kqPΛ
|ωlj,k|2
ˇˇxµj ˚ f, ψlj,kyˇˇ2 ď ÿ
pl,j,kqPΛ
|ωlj,k|2}xµj pf}22
“
ÿ
pl,j,kqPΛ
|ωlj,k|2
ż
Rn
|pgp2jξq|2| pfpξq|2dξ
ď
ÿ
pl,j,kqPΛ
|ωlj,k|2}g}21}f}22 ă `8.
If µ “
`8ÿ
i“1
ciδxi , then µj “
`8ÿ
i“1
ciδ2jxi . Since
`8ÿ
i“1
|ci| ă `8, we have µj ˚ f “ř
i cifpp¨q ´ 2jxiq P L2 for each j P Z, then one obtains
ÿ
pl,j,kqPΛ
|ωlj,k|2
ˇˇxµj ˚ f, ψlj,kyˇˇ2 ď
¨˝ ÿ
pl,j,kqPΛ
|ωlj,k|2‚˛
˜
`8ÿ
i“1
|ci|
¸2
}f}22.
If µ “ λ is the singular Borel measure on Rn given by (3), then a computation
gives xµjpξ, ξ1q “ php2jξq where pξ, ξ1q P Rm ˆ Rn´m, soÿ
pl,j,kqPΛ
|ωlj,k|2
ˇˇxµj ˚ f, ψlj,kyˇˇ2 ď ÿ
pl,j,kqPΛ
|ωlj,k|2
ż
RmˆRn´m
|php2jξq|2| pfpξ, ξ1q|2dξdξ1
ď
ÿ
pl,j,kqPΛ
|ωlj,k|2}h}2L1pRmq}f}2L2pRnq.
Thus, for each Borel function f P L2 there exists an unique function Tµf P L2 such
that
Tµf “
ÿ
pl,j,kqPΛ
ωlj,kxµj ˚ f, ψlj,kyφlj,k,
where the convergence is in the L2-norm. Moreover, we have
}Tµf}2 ď C
››tωlj,kupl,j,kqPΛ››ℓ2pΛq }f}2,
for each Borel function f P L2pRnq. So the operator Tµ can be extended to a
bounded operator on L2pRnq. 
Remark 4. We observe that the following identity
(8) xδx0 ˚ f, φy “
ż
fpx´ x0qφpxqdx,
holds for f P SpRnq and φ P L2pRnq. Since the right-side of p8q has sense for
f P L2pRnq, we can redefine the operator Tµ via the right-side of p8q, so Tµ results
well defined on L2.
The following Theorem can be found in [9], page 93.
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Theorem 5. There exist q “ 2n´ 1 functions ψ1, ..., ψq in V1 having the following
two properties:
|Bαψlpxq| ď CN p1` |x|q´N
for every multi-index α P Nn0 such that |α| ď r, each x P Rn and each every N ; and
tψlpx´ kq : 1 ď l ď q, k P Znu
is an orthonormal basis of W0.
For the definition of the spaces V1 and W0 see [9].
Corollary 6. The functions ψlj,kpxq :“ 2´nj{2ψlp2´jx ´ kq, 1 ď l ď q, k P Zn,
j P Z, form an orthonormal basis of L2pRnq. Thus
f “
ÿ
j,l
ÿ
kPZn
xf, ψlj.kyψlj.k.
in L2pRnq, moreover
}f}2L2pR2q “
ÿ
j,l
ÿ
kPZn
|xf, ψlj.ky|2.
We recall the notion of a Caldero´n-Zygmund operator. Let ∆ :“ tpx, yq P
Rn ˆ Rn : x “ yu.
Definition 7. A function K : Rn ˆRn z∆Ñ C is called a standard kernel if there
exist positive constants ǫ y C such that
(9) |Kpx, yq| ď C|x´ y|n @x ‰ y
|Kpx, yq ´Kpx1, yq| ď C |x´ x
1|ǫ
p|x´ y| ` |x1 ´ y|qn`ǫ if |x´ x
1| ď 1
2
min
 |x´ y|, |x1 ´ y|(
(10)
|Kpx, yq ´Kpx, y1q| ď C |y ´ y
1|ǫ
p|x´ y| ` |x´ y1|qn`ǫ if |y ´ y
1| ď 1
2
min
 |x´ y|, |x´ y1|(
(11)
A Caldero´n-Zygmund operator associated to K is a linear operator T defined on
SpRnq which admits a continuous extension to L2pRnq pi.e., }Tf}2 ď }f}2q and
satisfies
Tfpxq “
ż
Rn
Kpx, yqfpyqdy
for all f P C8c and x R supppfq.
It is well known that a Caldero´n-Zygmund operator can be extended to a bounded
operator on LppRnq, 1 ă p ă 8, and from L1pRnq to L1weakpRnq.
We observe that the condition
(12)
nÿ
i“1
p|BxiKpx, yq| ` |ByiKpx, yq|q ď
C
|x´ y|n`1 , @x ‰ y.
implies (10) and (11) pcf. [8, p. 211]q.
We conclude these preliminaries with the definition of Hardy space and pp,8q-
atoms.
The Hardy space HppRnq (for 0 ă p ă 8) consists of tempered distributions
f P S 1pRnq such that for some Schwartz function ϕ with ş ϕ “ 1, the maximal
operator
pMϕfqpxq “ sup
tą0
|pϕt ˚ fqpxq|
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is in LppRnq, where ϕtpxq :“ 1tnϕpxt q. In this case we define }f}Hp :“ }Mϕ}p
as the Hp “norm”. It can be shown that this definition does not depend on the
choice of the function ϕ. For 1 ă p ă 8, it is well known that HppRnq – LppRnq,
H1pRnq Ă L1pRnq strictly, and for 0 ă p ă 1 the spaces HppRnq and LppRnq are
not comparable. One of the principal interest of HppRnq theory is that it gives a
natural extension of the results for singular integrals, originally developed for Lp
(p ą 1), to the range 0 ă p ď 1. This is achieved to decompose elements in Hp as
sums of pp,8q-atoms.
For 0 ă p ď 1, an pp,8q-atom is a measurable function a supported on a ball B
of Rn satisfying
piq }a}8 ď |B|´
1
p ,
piiq ş xαapxqdx “ 0, for all multi-index α with |α| ď tnpp´1 ´ 1qu.
We observe that an pp,8q-atom is an element of Hp. Moreover, for each pp,8q-
atom a we have that }a}Hp ď C ă 8, where C is independent of the atom a.
Let 0 ă p ď 1 ă s ă `8. We can decompose elements in Hp X Ls as sums
of p-atoms (see [12] p. 107). Moreover, such a decomposition also converges in Ls
for all 1 ă s ă `8, this result was proved in [10]. More precisely, we have the
following:
Proposition 8. Let f P HppRnqXLspRnq, with 0 ă p ď 1 ă s ă 8. Then there is a
sequence of pp,8q-atoms taju and a sequence of scalars tλju with
ř
j |λj |p ď c}f}pHp
such that f “ řj λjaj, where the series converges to f in LspRnq.
Theorem 9. Let N P N fixed. If T is a Caldero´n-Zygmund bounded operator on
L2pRnq such that
Tfpxq “
ż
Kpx, yqfpyqdy, x R supppfq,
where the kernel K satisfy
(13) |BαxKpx, yq| ď C|x´ y|´n´|α|, for all x ‰ y and all multi-index 0 ď |α| ď 1,
and
(14) |BβyKpx, yq| ď C|x´ y|´n´|β|, for all x ‰ y and all multi-index 1 ď |β| ď N,
then T can be extended to a bounded operator from HppRnq into LppRnq for all
n
N`n ă p ă `8.
Proof. From (13) and (14) with N “ 1 follow that T can be extended to bounded
operator on LppRnq for each 1 ă p ă 8.
In view of the Bownik’s example (see [3]) it not suffice to check that an operator
maps atoms into bounded elements of Lp (0 ă p ď 1) to establish that this operator
extends to a bounded operator from Hp into Lp. To address this problem we use
Proposition 8 and a convergence argument.
Let 0 ă p ď 1. Given f P HppRnq X L2pRnq, by Proposition 8, there exists an
atomic decomposition for f such that f “ řj λjaj in L2 and řj |λj |p ď c}f}pHp .
Since the operator T is bounded on L2, we have that the sum
ř
j λjTaj converges
to Tf in L2, thus there exists a subsequence of natural numbers tkNuNPN such that
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lim
NÑ8
kNÿ
j“1
λjTajpxq “ Tfpxq for a.e.x P Rn. This implies that
(15) |Tfpxq| ď
ÿ
j
|λj ||Tajpxq|, for a.e.x P Rn.
So, it is sufficient to show that there exists a positive constant Cp independent of
the p-atom a such that
(16) }Ta}Lp ď Cp.
Indeed, if }Ta}Lp ď Cp for all pp,8q-atom, then from (15) and since 0 ă p ď 1, we
get
}Tf}pLp ď
ÿ
j
|λj |p}Taj}pLp ď cpp
ÿ
j
|λj |p ď cpp}f}pHp
for all f P HppRnq X L2pRnq. Thus the theorem will follow from the density of
HppRnq X L2pRnq in HppRnq.
We will prove the estimate in (16) for each n
N`n ă p ď 1. Let a be a p-atom
supported on a ball B “ Bpx0, rq, and let B˚ “ Bpx0, 2rq. Since T is bounded on
L2 the Ho¨lder inequality givesż
B˚
|Tapxq|pdx ď |B˚|1´ p2 }Ta}p2 ď C|B˚|1´
p
2 }a}p2 ď C|B˚|1´
p
2 |B|´1|B| p2 ď Cp.
For each n
N`n ă p ď 1 there exists an unique natural number 1 ď k ď N such that
n
k`n ă p ď nk´1`n , so k ´ 1 “ tnpp´1 ´ 1qu. In view of the moment condition of a
and (14) we have, for each x P RnzB˚, that
Tapxq “
ż
B
Kpx, yqapyqdy “
ż
B
pKpx, yq ´ qkpx, yqqapyqdy,
where qk is the degree k´1 Taylor polynomial of the function y Ñ Kpx, yq expanded
around x0. By the standard estimate of the remainder term in the Taylor expansion,
there exists ξ between y and x0 such that
|Kpx, yq ´ qkpx, yq| ď C|y ´ x0|k
ÿ
|β|“k
|BβyKpx, ξq| ď C|y ´ x0|k|x´ ξ|´n´k.
For x P RnzB˚ we have that |x´ x0| ě 2r, so |x0 ´ ξ| ď |x´x0|2 and thus |x´ ξ| ě
|x´ x0| ´ |x0 ´ ξ| ě |x´x0|2 for all x P RnzB˚. Then
|Kpx, yq ´ qkpx, yq| ď C|y ´ x0|k|x´ x0|´n´k
for all x P RnzB˚ and all y P B. This inequality givesż
RnzB˚
ˇˇˇˇż
B
Kpx, yqapyqdy
ˇˇˇˇp
dx “
ż
RnzB˚
ˇˇˇˇż
B
pKpx, yq ´ qkpx, yqqapyqdy
ˇˇˇˇp
dx
ď C
˜ż
RnzB˚
|x´ x0|´pn´pkdx
¸ˆż
B
|y ´ x0|k|apyq|dy
˙p
ď C
ˆż `8
2r
t´pn´pk`n´1dt
˙
rkp´n`np “ Cpr´pn´pk`nrkp´n`np “ Cp,
with Cp independent of the p-atom a since ´pn´pk`n ă 0. Then (16) follows. 
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4. Auxiliary Results
Let f be a function on Rn. For j P Z and k P Zn we define fj,k by
fj,kpxq “ 2´
nj
2 fp2´jx´ kq.
Lemma 10. Let φ and ψ continuous functions defined on Rn with continuous
partial derivatives up to order M ě 1 and N ě 1 respectively such that
(17) |Bαφpxq| ď Cp1 ` |x|q2n`2|α|`2ǫ ,
(18) |Bβψpyq| ď Cp1` |y|q2n`2|β|`2ǫ
for all x, y P Rn, and all multi-index 0 ď |α| ďM and 0 ď |β| ď N .
Then the series
ÿ
j,k
φj,kpxqψj,kpyq converges absolutely for all x ‰ y. Moreover, if
Kpx, yq “
ÿ
j,k
φj,kpxqψj,kpyq, then there exists a positive constant C such that
|Kpx, yq| ď C|x´ y|n @x ‰ y,(19)
|BαxKpx, yq| ď
C
|x´ y|n`|α| , @x ‰ y,(20)
for all muti-index 1 ď |α| ďM , and
|BβyKpx, yq| ď
C
|x´ y|n`|β| , @x ‰ y,(21)
for all muti-index 1 ď |β| ď N .
Proof. The proof is based on the ideas of the proof of Lemma 5.5 in [2] p. 96.
We will prove first the absolute convergence of the series showing also that
|Kpx, yq| ď C|x´y|n for all x ‰ y.
Let x ‰ y, we take ℓ P Z such that 2ℓ ď |x´ y| ď 2ℓ`1.
If j ě ℓ:ÿ
jěℓ
ÿ
kPZn
|φj,kpxqψj,kpyq| “
ÿ
jěℓ
ÿ
kPZn
2´nj|φp2´jx´ kqψp2´jy ´ kq|
ď C
ÿ
jěℓ
ˆ
1
2n
˙j ˜ ÿ
kPZn
p1 ` |2´jx´ k|q´n´ǫ
¸
ď C
ÿ
jěℓ
ˆ
1
2n
˙j
“ C 2
n
2n ´ 1
1
2nℓ
“ C 2
n
2n ´ 1
2n
2npℓ`1q
ď
ˆ
C
4n
2n ´ 1
˙
1
|x´ y|n “
C
|x´ y|n ,
where the first inequality follows from (17) and (18) with α “ 0 and β “ 0, the
second one is a consequence of Lemma 2 and the rest is followed from the fact of
having a geometric series and from the choice of such integer ℓ.
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If j ă ℓ: From (17), (18) and since p1 ` |z|qp1 ` |z1|q ě 1 ` |z ´ z1| holds for any
z, z1 P Rn we have
|φp2´jx´ kqψp2´jy ´ kq| ď C 1p1` |2´jx´ k|q2n`2ǫ
1
p1 ` |2´jy ´ k|qn`ǫ
ď C 1p1` |2´jx´ k|qn`ǫ
1
p1` 2´j |x´ y|qn`ǫ .
By Lemma 2 resultsÿ
jăℓ
ÿ
kPZn
|φj,kpxqψj,kpyq| ď C
ÿ
jăℓ
2´nj
1
p1` 2´j |x´ y|qn`ǫ
ď C
ÿ
jăℓ
2´nj
1
2´jn´jǫ2nℓ`ℓǫ
“ C2n´ℓǫ 1
2npℓ`1q
ÿ
jăℓ
p2ǫqj “ C 1
2npℓ`1q
ď C|x´ y|n .
So, we obtain the inequality in (19). Now we will prove that there exists Bx1Kpx, yq
for each x ‰ y. Let x0, y0 P Rn be fixed such that x0 ‰ y0. So, |x´ y0| ě |x0 ´ y0|
2
for all x P B |x0´y0|
2
px0q. We take the largest ℓ P Z such that 2ℓ ď |x0 ´ y0|. For
M,N P N, with |ℓ| ďM , we consider
SM,N px, y0q “
ÿ
|j|ďM
ÿ
|k|8ďN
2´jnφp2´jx´ kqψp2´jy0 ´ kq,
to take the partial derivative Bx1 in this expression we obtain
pBx1SM,N qpx, y0q “
ÿ
|j|ďM
ÿ
|k|8ďN
2´jpn`1qpBx1φqp2´jx´ kqψp2´jy0 ´ kq.
Since SM,N px, y0q Ñ Kpx, y0q for each x ‰ y0, it is enough to show that the partial
sum pBx1SM,N qpx, y0q converges uniformly (in the variable x) on B |x0´y0|
2
px0q. From
this, it will follow that there exists Bx1Kpx0, y0q. Being x0 ‰ y0 arbitrary points of
Rn, we will have guaranteed the existence of Bx1Kpx, yq for all x ‰ y.
To prove the uniform convergence of pBx1SM,N qpx, y0q on B |x0´y0|
2
px0q we split
the partial sum as follows
pBx1SM,Nqpx, y0q “
ÿ
|j|ďM
ÿ
|k|8ďN
2´jpn`1qpBx1φqp2´jx´ kqψp2´jy0 ´ kq
“
˜ ÿ
´Mďjďℓ
`
ÿ
ℓăjďM
¸ ÿ
|k|8ďN
2´jpn`1qpBx1φqp2´jx´ kqψp2´jy0 ´ kq
ď
ÿ
´Mďjďℓ
C2´jpn`1q
p1` 2´j|x´ y0|qn`1`ǫ `
ÿ
ℓăjďM
ÿ
|k|8ďN
2´jpn`1q
ˆ
1` |2´jy0|
1` |k|
˙n`1`ǫ
ď
ÿ
´Mďjďℓ
C2´jpn`1q
p1 ` 2´j´1|x0 ´ y0|qn`1`ǫ `
ÿ
ℓăjďM
ÿ
|k|8ďN
2´jpn`1q
ˆ
1` |2´ℓy0|
1` |k|
˙n`1`ǫ
ď
ÿ
´Mďjďℓ
C2´jpn`1q
p2´j´1`ℓqn`1`ǫ`p1`|2
´ℓy0|qn`1`ǫ
ÿ
ℓăjďM
2´jpn`1q
ÿ
|k|8ďN
ˆ
1
1` |k|
˙n`ǫ
for all x P B |x0´y0|
2
px0q. Since the last numerical series converges, by the Weier-
strass’s test, we obtain the uniform convergence of pBx1SM,N qpx, y0q onB |x0´y0|
2
px0q.
The same argument can be used to prove the existence of BαxKpx, yq and of BβyKpx, yq,
for each x ‰ y and each multi-index 1 ď |α| ďM and 1 ď |β| ď N .
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Finally, the same technique used to obtain (19) allows us to get (20) and (21),
since
|BαxKpx, yq| ď
ÿ
j,k
2´jpn`|α|q|pBαφqp2´jx´ kqψp2´jy ´ kq|,
and
|BβyKpx, yq| ď
ÿ
j,k
2´jpn`|β|q|φp2´jx´ kqpBβψqp2´jy ´ kq|.
Then (20) and (21) follow and the proof of the lemma is therefore concluded. 
Lemma 11. Let ǫ ą 0. Suppose that g and ψ satisfy
|gpxq| ` |ψpxq| ď C1p1` |x|qn`ǫ for all x P R
n,
with C1 independent of x P Rn. Then, there exists a positive constant C such that
for all j, k, l,m P Z and l ď j we have that
(22) |pgj,k ˚ ψl,mqpxq| ď C2
l´j
2
p1 ` 2´j|x´ 2jk ´ 2lm|qn`ǫ for all x P R
n.
Proof. The proof of this lemma can be followed from [6, Lemma 3.12 Ch. 6]. 
Corollary 12. Let ǫ ą 0. If g and ψ satisfy
|gpxq| ` |Bβψpxq| ď C1p1` |x|qn`ǫ for all x P R
n,(23)
and all multi-index 0 ď |β| ď N , with C1 independent of x P Rn, then there exists
a positive constant C such that for all muli-index 0 ď |β| ď N .
|Bβpg ˚ ψqpxq| ď Cp1` |x|qn`ǫ for all x P R
n.
Proof. Since g ˚ ψ “ g0,0 ˚ ψ0,0 and Bβpg ˚ ψq “ g ˚ Bβψ, the corollary follows from
(23) and Lemma 11. 
Proposition 13. Let g be a function and let φ and ψ continuous functions defined
on Rn with continuous partial derivatives up to order M ě 1 and order N ě 1
respectively such that
(24) |Bαφpxq| ď Cp1` |x|q2n`2M`2ǫ for all x P R
n,
and all multi-index 0 ď |α| ďM , and
(25) |gpxq| ` |Bβψpxq| ď Cp1` |x|q2n`2N`2ǫ for all x P R
n,
and all multi-index 0 ď |β| ď N .
If Kpx, yq “
ÿ
j,k
φj,kpxqpg ˚ψqj,kpyq, then there exists a positive constant C such that
|Kpx, yq| ď C|x´ y|n , @x ‰ y,
|BαxKpx, yq| ď
C
|x´ y|n`|α| , @x ‰ y,
for all muti-index 1 ď |α| ďM , and
|BβyKpx, yq| ď
C
|x´ y|n`|β| , @x ‰ y,
for all muti-index 1 ď |β| ď N .
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Proof. From (24), (25) and the corollary 12 it follows that the pair of funtions φ
and g ˚ ψ satisfy the hypotheses of Lemma 10, then the proposition follows. 
Lemma 14. Let ψ be a function on Rn such that
|Bβψpyq| ď Cp1` |y|qn`N`ǫ ,(26)
for all y P Rn and all muti-index 0 ď |β| ď N , and let tciu Ă R and txiu Ă Rn
such that ÿ
i
|ci|p1 ` |xi|qn`N`ǫ ă `8.(27)
Then there exists a positive constant C such thatˇˇˇˇ
ˇBβ
˜ÿ
i
ciτ´xiψ
¸
pyq
ˇˇˇˇ
ˇ ď Cp1` |y|qn`|β|`ǫ ,
for all y P Rn and all muti-index 0 ď |β| ď N .
Proof. From (26) and since p1` |z|qp1` |z1|q ě 1` |z´ z1| holds for any z, z1 P Rn,
we haveˇˇBβpτ´xiψqpyqˇˇ “ ˇˇpBβψqpy ` xiqˇˇ ď Cp1` |y ` xi|qn`N`ǫ ď Cp1` |xi|q
n`N`ǫ
p1` |y|qn`N`ǫ ,
from this inequality and (27) we getˇˇˇˇ
ˇBβ
˜ÿ
i
ciτ´xiψ
¸
pyq
ˇˇˇˇ
ˇ ď Cÿ
i
|ci|p1` |xi|qn`N`ǫ
p1` |y|qn`N`ǫ ď
C
p1` |y|qn`|β|`ǫ ,
for all y P Rn and all 0 ď |β| ď N . 
Remark 15. If tciu P ℓ1pNq and the sequence txiu is included in a compact subset
of Rn, then ÿ
i
|ci|p1` |xi|qǫ ă `8, @ǫ ą 0.
The lemma 14 and the lemma 10 allow us to obtain the following proposition.
Proposition 16. If φ and ψ are functions on Rn which satisfy (17) and (18) and
Kpx, yq “
ÿ
j,k
φj,kpxq
˜ÿ
i
ci τ´xiψ
¸
j,k
pyq,
where
ř
i |ci|p1 ` |xi|q2n`2N`2ǫ ă `8, then (19), (20) and (21) hold.
For the next result we need to introduce a bit of notation. Let 1 ď m ă n.
Each multi-index β “ pβ1, ..., βnq can be written as β “ pβ1, β2q where β1 and β2
are the multi-indices β1 “ pβ1, ..., βmq and β2 “ pβm`1, ..., βnq, so |β| “ |β1| ` |β2|.
Analogously, given k P Zn we can write k “ pk1, k2q with k1 P Zm and k2 P Zn´m.
Proposition 17. Let φ be a continuous function defined on Rn with continuous
partial derivatives up to order M ě 1 such that
(28) |Bαφpxq| ď Cp1` |x|q2n`2M`2ǫ for all x P R
n,
and all multi-index 0 ď |α| ďM , let h and ψ functions defined on Rm and let rψ be
a function defined on Rn´m with continuous partial derivatives up to order N ě 1
such that
(29) |hpy1q| ` |Bβ1ψpy1q| ď Cp1` |y1|q2n`2N`2ǫ , py
1 P Rmq
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and
(30) |Bβ2 rψpy2q| ď Cp1` |y2|q2n`2N`2ǫ , py2 P Rn´mq
for all m-tuples β1 and all pn´mq-tuples β2 such that 0 ď |β1| ` |β2| ď N .
If
Kpx, yq “
ÿ
j,k
φj,kpxqph ˚ ψqj,k1 py1q rψj,k2py2q,
where y “ py1, y2q P Rm ˆRn´m and k “ pk1, k2q P Zm ˆZn´m, then there exists a
positive constant C such that
|Kpx, yq| ď C|x´ y|n , @x ‰ y,
|BαxKpx, yq| ď
C
|x´ y|n`|α| , @x ‰ y,
for all muti-index 1 ď |α| ďM , and
|BβyKpx, yq| ď
C
|x´ y|n`|β| , @x ‰ y,
for all muti-index 1 ď |β| ď N .
Proof. From (29) and Corollary 12 we have that
(31) |Bβ1ph ˚ ψqpy1q| ď Cp1 ` |y1|q2n`2N`2ǫ ,
for all y1 P Rm and all multi-index 0 ď |β1| ď N .
Given a multi-index n-dimensional β P Nn0 we write β “ pβ1, β2q P Nm0 ˆ Nn´m0 .
We put Ψpyq “ ph ˚ ψqpy1q rψpy2q where y “ py1, y2q P Rm ˆ Rn´m, then (30) and
(31) allow us to obtain
|BβΨpyq| “ |Bβ1ph ˚ ψqpy1qBβ2 rψpy2q| ď Cp1` |y1|q2n`2N`2ǫp1` |y2|q2n`2N`2ǫ
“ Cp1 ` |py1, 0q|q2n`2N`2ǫp1` |p0, y2q|q2n`2N`2ǫ ď
C
p1` |py1, y2q|q2n`2N`2ǫ
(32) “ Cp1` |y|q2n`2N`2ǫ ,
for all y P Rn and all multi-index 0 ď |β| ď N . Since Kpx, yq “
ÿ
j,k
φj,kpxqΨj,kpyq,
the proposition follows from (28), (32) and Lemma 10. 
5. Main Results
Theorem 5 guaranteed the existence of q :“ 2n ´ 1 functions φl and 2n ´ 1
functions ψl which satisfy the decay conditions (17) and (18) of Lemma 10. Corol-
lary 6 assure that the functions φlj,kpxq :“ 2´nj{2φlp2´jx ´ kq and ψlj,kpxq :“
2´nj{2ψlp2´jx´ kq, 1 ď l ď q, k P Zn, j P Z, are two orthonormal bases of L2pRnq.
Our results are the following.
Theorem 18. If µ is the measure defined by p2q with h “ 0, then the operator
Tµ given by p1q, where the functions φl and ψl satisfy p17q with M “ 1 and p18q
with N ě 1 for each l “ 1, ..., 2n ´ 1, can be extended to a bounded operator from
HppRnq into LppRnq for n
N`n ă p ă 8.
OPERATORS GENERATED BY WAVELETS 15
Proof. For the sake of simplicity we are going to present the calculations only when
l “ 1. Then, we write
Tµfpxq “
ÿ
pj,kqPΛ
ωj,kxµj ˚ f, ψj,kyφj,kpxq.
A computation gives that
xµj ˚ f, ψj,ky “ xf, pĎµj ˚ }ψj,kqqy,
here qfpxq “ fp´xq and Ďp¨q denotes complex conjugation. To apply the Fourier
transform on the expression Ďµj ˚ }ψj,k we obtain
pĎµj ˚ }ψj,kqq“ pqsµ ˚ ψqj,k.
Replacing µ by its equal we have that
pqsµ ˚ ψqj,k “ pqsg ˚ ψqj,k `˜ÿ
i
sciτ´xiψ
¸
j,k
.
Then the operator Tµ can be expressed, for suitable functions f , as
Tµfpxq “
ż
Kpx, yqfpyqdy, x R supppfq,
where
Kpx, yq “
ÿ
j,k
ωj,kφpxq Ğ`gqs˚ ψ˘j,kpyq `ÿ
j,k
ωj,kφj,kpxq
˜ÿ
i
sciτ´xiψ
¸´
j,k
pyq
“: K1px, yq `K2px, yq, x ‰ y.
Being the kernels K1 and K2 of the type of Proposition 13 and Proposition 16
respectively, then using Theorem 9 we obtain the statement. 
If n ě 2 and µ is the measure defined by (2), where h : Rm Ñ C is a function
such that p1 ` |y1|q2n`2N`2ǫ|hpy1q| ď C ă `8 for all y1 P Rm, 1 ď m ă n, we
consider the operator Tµ given by
(33) Tµfpxq “
ÿ
pl,j,kqPΛ
ωlj,kxµj ˚ f,Ψlj,kyφlj,kpxq,
where the φl’s satisfy p17q with M “ 1 and, for each l “ 1, ..., 2n ´ 1, Ψlpyq “
ψlpy1q rψlpy2q, y “ py1, y2q P Rm ˆ Rn´m, where ψl and rψl are functions defined on
Rm and Rn´m, which satisfy the decay conditions (29) and (30) of Proposition 17,
with N ě 1, and tψlj,ku, t rψlj,ku are orthonormal bases of L2pRmq and L2pRn´mq
respectively. With respect to this operator we have the following result.
Theorem 19. If Tµ is the operator defined by p33q, then Tµ can be extended to a
bounded operator from HppRnq into LppRnq for n
N`n ă p ă 8.
Proof. Since Tµ “ Tµ´λ`Tλ, where λ is the singular measure given by p3q, we can
apply Theorem 18 to the operator Tµ´λ. So, it is sufficient to prove the statement
for the operator Tλ. Without loss of generality, we can assume that l “ 1 in (33).
Thus
Tλfpxq “
ÿ
j,k
ωj,kxλj ˚ f,Ψj,kyφj,kpxq.
A computation similar to done in the proof of the theorem 18 allows us to write
Tλfpxq “
ż
Kpx, yqfpyqdy, x R supppfq,
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where
Kpx, yq “
ÿ
j,k
wj,kφj,kpxq Ğ`hqs˚ ψ˘j,k1py1q srψj,k2 py2q, x ‰ y,
y “ py1, y2q P RmˆRn´m, and k “ pk1, k2q P ZmˆZn´m. Since this kernel is of the
type of Proposition 17, the assertion of the theorem follows from this proposition
and Theorem 9. 
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